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1 �j��R�<#:B.p�n (CRTBP) IO�fU�>3rp
p`JA`GIk<�dO�Y 3rp P (3A9�W��9
) �(Q`�
p`M Srp P1 D P2 (=NÆ)� m1 D
m2) `hG`o�`
p2℄��>3rp`=N m J3� m ≪ (m1, m2) ��|M Srp`
pm+0a,,\�|y' GI�{��M Srp`=8GPb&� (w<YGb&�) >�N� 3  (%�pk [1] �dfÆ.�M Srp`L% (g x I) 1�x} 1 >`
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~ 1 �ZH
'�E 3 !)&�ql Lj(j = 1, 2, 3)nÆ�_tY�Qh5���5Y& –g�`(%�pk��`�3[ (Halo Orbit) 1�a
�3[�I4�"(%�pk�w$g=!1�9`(|(%�pk`vyG�3[��0<
�WyMg�1+Y`&�_
�!1� 1978 zD 1983 z NASA �5` ISEE-3

(International Sun-Earth Explorer 3) ��M�*& – g�` L1 D L2 k��`�3[
A�2Ah5fU���J5%D
AVp`$�� 1995 z NASA �5`h5� WIND ��*& – g� L1 k��`�3[�t5fU�� 1996 z|3# (ESA) { NASA KG�5`h5� SOHO �Xn��& – g� L1 ��`�3[1�t6fU[p� NASA { ESA 
VtY�Q�5jR�LWI�O
℄3ur
��Dr�05`DW��%>7{�aV
7`G`jR�G
3uU�r�e (WSO/UV) |��5Y& – g� L2 k��`�3[1��A�r�`U�05�G& – g���|
�`h5�
t�Y,\�)�
��h`g – 
� L2 k��`�3[1nkYh5��"0`�05
�`>o"�
CRTBP k<>`(%�pkI,�n`�W0a����+�vyG�3[ (g�3[)_vyyG�3[ (Lissajous Orbit) �M&t=!1�|1P3uh5��Q��DWÆ&�rd�3[)F?=�w)F�?�4,�" [2] >_t�{7P� �|�G��e�ah�"��f`�Q'` (4,�" [3∼5] *|%B�{t5wV�3) �|�3[`?=D�?`YYG�3�1PkoI*|(%�pkuk`3u�8�6jYA2���,�nB�?=`vyG�3[�A>r�0�'V`3[1�=h5$���XYAko�(��dBÆDo(%�pka%t`�,�nB'Y-tB=�6jYAP\3[�A73h5�0�fv�:�x: L1 _ L2 k����`,,�n[>�/n&3[ [6,7] �'I �W7P`i��h`u(�

2 CRTBP l>�*'�rm��b�r}�5℄�YGb&� O − xyz(x} 1) >�3rp`
p�>)��






r + 2(−ẏ, ẋ, 0)T = (∂Ω/∂r)T

Ω(x, y, z) = (x2 + y2)/2 + (1 − µ)/r1 + µ/r2

, (1)
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�J����������� 24 '��> µ = m2/(m1 + m2) �� m2 < m1 �'Y�>�N��|k`:v�=ND<uV�Æ)�






















[L] = P1P2 (M Srp0u`&A)

[M ] = m1 + m2

[T ] = P1P2
3/2

/(G(m1 + m2))
1/2

. (2)_���{` 3  (%�p�,�n�W0H�JX`DB!p�A�pk��`(|
p%�G�3[_yG�
p��,Y�A�pk�
2.1 ��qv��om�ok|driH>1�0a|(%�pk��`
pIB=(|(%�pk`
p�+k(%�pk
Lj Y&�_�`Srp (P1 _ P2) `&A� γj(j = 1, 2, 3�Æ)|k 3 (%�pk) �t [1]
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
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
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
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

















γ1 =
(µ

3

)1/3
[

1 −
1

3

(µ

3

)1/3

−
1

9

(µ

3

)2/3

− · · ·
]

γ2 =
(µ

3

)1/3
[

1 +
1

3

(µ

3

)1/3

−
1

9

(µ

3

)2/3

+ · · ·
]

γ3 = 1 − ν

[

1 +
23

84
ν2 +

23

84
ν3 +

761

2352
ν4 +

3163

7056
ν5 + · · ·

]

, ν = 7µ/12

, (3)

� 3  (%�pk�YGb&�>`b&�
x1 = −(1 − µ) + γ1 , x2 = −(1 − µ) − γ2 , x3 = µ + γ3 . (4)syIj`(|(%�pk`
p�^`)�b&%W�b&�ksMSrp`=8\7(%�pk Lj 1�+| x � y IGP 180◦ �)} 2 aE�z<�OA(%�pk��`

~ 2 �)&�ql
'� Lj-ξηζ |
'� C-xyz a}l/� (b j = 2 �F)
p}.���DoY3`AvgV γj |&A�S��'Y7b&� Lj-ξηζ >��8�N ρ{�YGb&�>�8�N r t)�.��
ρ = (ξ, η, ζ)T = −

1

γj
((x − xj), y,−z)T , (5)�> xj I(%�pk Lj ��YGb&�>`b&N�%$'YPW.��g0$E7b&
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p`
p�> [3,8] �











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



























ξ̈ − 2η̇ − (1 + 2c2)ξ =
∂

∂ξ

∑

n≥3

cn(µ)ρnPn

(

ξ

ρ

)

η̈ + 2ξ̇ − (1 − c2)η =
∂

∂η

∑

n≥3

cn(µ)ρnPn

(

ξ

ρ

)

ζ̈ + c2ζ =
∂

∂ζ

∑

n≥3

cn(µ)ρnPn

(

ξ

ρ

)

, (6)

�> cn(µ) D C2 | j = 1, 2 t







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













cn(µ) =
1

γ3
j

[

(±1)nµ + (−1)n(1 − µ)

(

γj

1 ∓ γj

)n+1
]

(n ≥ 3)

c2(µ) =
1

γ3
j

[

µ + (1 − µ)

(

γj

1 ∓ γj

)3
]

=
µ

γ3
j

+
(1 − µ)

(1 ∓ γj)3

, (7)C>�C “±” D “∓” �"|k j = 1 D 2 �g L1 D L2 �| j = 3 �t





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

















cn(µ) =
1

γ3

[

(1 − µ) + µ

(

γ

1 + γ

)n+1
]

(n ≥ 3)

c2(µ) =
1

γ3

[

(1 − µ) + µ

(

γ

1 + γ

)3
]

=
(1 − µ)

γ3
+

µ

(1 + γ)3

. (8)

2.2 �v��omt�k�o
(1) %B�:%BSk<|k`pGI�>g� (6) C`	L?C�











ξ̈ − 2η̇ − (1 + 2c2)ξ = 0

η̈ + 2ξ̇ − (1 − c2)η = 0

ζ̈ + c2ζ = 0

, (9)1C|k` 3 |k,3Æ)� ±d1 � ±id2 � ±id3 ��>
d1 =

√

(

√

9c2
2 − 8c2 + c2 − 2

)

/2, d2 =

√

(

√

9c2
2 − 8c2 − c2 + 2

)

/2, d3 =
√

c2 . (10)(k`�t)�?C�










ξ = C1e
d1t + C2e

−d1t + C3 cos d2t + C4 sin d2t

η = α1C1e
d1t − α1C2e

−d1t − α2C3 sin d2t + α2C4 cos d2t

ζ = C5 cos d3t + C6 sin d3t

, (11)�>
α1 = (d2

1 − 2c2 − 1)/2d1 , α2 = (d2
2 + 2c2 + 1)/2d2 , (12)
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Ci(i = 1, 2, 3, · · · , 6) IsDBvy�n`dÆ9S�sy d1 > 0 ��>N�4S�0,�gK%BS�I,�n` (gA,\�L,m+M
p%�,�n`) ��1)K�XDBRgN
℄Ynvy<�0A C1 = C2 = 0 �K< (11) C(E`
pY��yG�
p�'5yG�
p+=O%BS�{`��Th�0(E��Q?C�











ξ(t) = α cos(ω0t + φ1)

η(t) = κα sin(ω0t + φ1)

ζ(t) = β cos(ν0t + φ2)

, (13)�>� α D β Æ)��hDJ1+�� κ = −α2 � ω0 = d2 � ν0 = d3 � φ1 D φ2 �DB(�}�
℄ C1 = C2 = 0 `DBvy�
ξ̇0 = d2η0/α2 , η̇0 = (−α2d2)ξ0 . (14)|y& – g�Dg – 
�� ω0 { ν0 ),x��gK (13) CiP�3u>`Yv Lissajous3[�1P�9I�%BSk<�$E`��,\O�L,M�'5��Th|�R�g
℄ (14)CDBvy|k`yG�3[+,vAh5�:��"�(%�pk��
p�,�A�sy(%�pk%t�,�nB (�4S2℄�0) �d��YAh5�8[�A�X��0a��g�vy (14) �A36�Ah5�,�A�pk�W'VBvfS [3∼5] ��� Lissajous3[��,IaDW`n&3[�gKt#W�Y/,\�L,`m+=+�� ” �n ” `�3[�

(2) �%B�:spG�{/?0/�X�> (9) q1�L,4pM��{�t`��Th|�R (g�t`vyG�_yG�3[,�N�)�W%t0Æ��Th��L,4p��?�g,\O�L,4pM��{%!N�vyG�_yG�3[�'53[|k`DBvy(|y%BSk<�`DBvytYn>v`�%���%S3�(y�L,`S3�,\�> (6) vz`�L,`kk�(k`�%�0a+��WDD7M$2G,�n,a|k`DBvy�'J���1��$vyG�� _&tdf�)3o Lindstedt-Poincaré���g|vyG��_yG���*=.}hS`?C��MU*�=a,\`�L,`
p�>��n(k.}hS>",`�S [8] �oK��0a+��� Lissajous 3[ (vyyG�3[) �
0+����3[ (vyG�3[)[2,3] �X��#f�;�`VI�3[�,\�> (6) vz`�L,M��Yn`DBvy���3[`�06=)�?C�

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













ξ(t) =
∞
∑

i,j

(

∑

|k|≤i+j

ξjk cos(kθ)

)

αiβj

η(t) =
∞
∑

i,j

(

∑

|k|≤i+j

ηijk sin(kθ)

)

αiβj

ζ(t) =
∞
∑

i,j

(

∑

|k|≤i+j

ζijk cos(kθ)

)

αiβj

, (15)
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i,j >� i, j ≥ 0 � i + j ≥ 1 � n = i + j <��`�S����0sf��KL9=�6t α D β `m5kn^G2v9=�3[�Richardson [9] $EO�3[`.�Æ�����9)��




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







































ξ = −α cos τ + a21α
2 + a22β

2 + (a23α
2 − a24β

2) cos 2τ

+(a31α
3 − a32αβ2) cos 3τ

η = kα sin τ + (b21α
2 − b22β

2) sin 2τ + (b31α
3 − b32αβ2) sin 3τ

+
[

b33α
3 + (b34 − b35)αβ2

]

sin τ

ζ = β cos τ + d21αβ(cos 2τ − 3) + (d32βα2 − d31β
3) cos 3τ

, (16)

�> τ = ωt+φ�ω = ω0+ω1+ω2+· · ·�ωi(E α�β` i�N�t ω1 = 0�ω2 = s1α
2+s2β

2 �
s1 � s2 `%p?Ce� (16) >",�S`(PCx�" [9] �'CWUjYk�gA,\)>Gk< (G�.` CRTBP k<>GgZ��V,\O�
Srp`hG`o) ��� CRTBP k<>` L2 k��
0+�E�3[�WtYn 	̀9v
���� CRTBP k<�`.��3[ (xi 3 �`} 6) �,	<��y�3[�
3 ��5℄b��1P.�3[0`�n&3[�W%I)>GI�{�`�Y��#Eqa36�360

~ 3 �' – h� L2 ��aZw�4\ (α = 0.15 � β = 0.16)

~ 4 �h – �� L2 ��aZw�4\ (α = 0.2 � β = 0.034)
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�J����������� 24 '�a3oT<}
6:���X03o3�GLF}
6:����f3oO%B�;W*$EOYA3�G6:�� [10] �S3ky(j�3o'A���>vA>r�nk� L2 k��`�3[1�} 3 D} 4 Æ)$EOYGb&�>�& – g�Dg – 
� L2 k��`Yv.��3[�} 3 >�3[`S3�& – g�>(Xy x �/+�� 2.25× 105 km � y �/1+��
6.75 × 105 km � z �/`+�� 2.6 × 105 km �} 4 (E`3[�g – 
�>`S3(Xy
x �/+�� 1.29× 104 km � y �/1+�� 3.76× 104 km � z �/+�� 2.2× 103 km �& – g� L2 k��`�3[
A 10 yr `}.s} 5 D} 6 aE�
A:>>)�:~L36�} 5>`�3[Io CRTBP k<$E`.��Y�`��.Gk<�`n&3[��o3�G6:`�9�e 18 d 6:YL�Z`vN2B(Xy[v�N 2226.16786 m/s �} 6 I1�3o)>Gk<+�`y�3[`�n&3[��{1PzVvy���Z`vN2B6(Xy[v�N 0.6760 m/s �iO,DW6:�g0A�3[�?�

~ 5 �' – h� L2 ��Zw7;Na4\ ~ 6 �' – h� L2 ��xZw7;Na4\
4 �5℄<y�jIs℄b[C�x
<3[:w0a�Mi.p`hGq[�Ah5���vvy�YPn&rp��>h5�{i.p#EtkN`(|�8�',tB���K,`j`��h|*|
�h5 (X<�N73h5) DA9mh5�Æ)7P3[:w>`XYAkN?C�g)FDo(%�pk`�,�nB��My(%�pk L1 D L2 �� 	̀��[>

/n&rp`�vb:�

(1) g
�>`:w�nMfg�3[ (LEO) _g�z/P\3[ (GTO) 1�%3/n&rp (
�) :w�+3obCC`S�G:w () Hohmann 3[P\) �aDvN�S�(k` Jacobi 9S C �3���!U
3 C1 3_~�(k`�Æ)��g�D
�`V[vh,�_Lx��(%�pk L1 ��`[>SS;*�%p04x4,�" [1] `iX#D [3] `i�#�)93ofvN`�
�C�6W:w3[`DB[v�A(k` Jacobi9S C 23y
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3 C1 �K<1PM V[vhg0Lx�+M�pk L1 I22R*Y 	��[>
�h5�"t0v	:'Yx[�/
��WWOd� L1 ItY ��x[Ih5�0a	:�x[�/
�`Y #Wvy��,IBÆvy�VW+P\3[`
BRg�g#EMYvkN`P\3[1�*'Yx[�(k`P\3[0aDo�n[?=+���S3KT�M L1 kSu�n[?�/dÆ��i 
�"g�
pG�`u�M�h5�6v	�X
Ag��� 0.35  g
&AI ('IY ^E) �%$'YRg�+P\3[W�g���
>�0�qYLbp��vy0s1P�/dÆ^_��Ag� 0.35  g
&AIqYLbp (�/) �A���g��$EJX`DBP\3[��t#3o'AP\�C�A:
)j^ [7] ��9aBvN!S�G:w (E) Hohmann P\3[) �Cj �v�WP\<u�:�'LWs�gP\a:��+M�g ()Ag� 6× 104 km `�gk) 
>�*kn`P\3[��l0�;vN�:w<uX,Yf:�7y)FH�P\3[�I�W3o�Gq[`�v�C�|P\<u`:{)FH�
�W%$%p`>r$��n��F~�R (�<�v) Æm�Hq�
(2) A9m:w�n�A9m:w>�zV0�M(%�pk��`x[�3��vC`:w�)9U1P�
IDou Lagrange k L1 �rdA9mP\|Do� Lagrange k L2 �K<DBRg|k` Jacobi 9S C 
℄vy C3 < C < C2 ��> C2 D C3 IX�M Jacobi 9S`U
3�%p�:�4x4,�" [1,3] �)9Mg�Y\9`:w�E�`P\3[Ix:& –g�|k` L2 k`,�n[?��YP\9��`P\3[Ix:& – \�|k` L2 k`�n[?�x} 7 �

~ 7 �h�Z℄:a;x?F�EZQaQ℄4\Fe~1PM�h5���`�vC3[:w�tIDo(%�pk L1 D L2 `pGIk,^_`��1'I�#:B.p�n (&��gU�I��<#:B.p�n) Æm��,I)>pGIk<�_E`�`�Wd"�IYA�A`�YGk<pGIb:`�n�|y>m�n�1P�90a`�fv:w3[ (P\3[) 6j`DH�
5 ������73h5>�(|y=N0aP_,j`>r�` 1IyM SrphG`o�`



� 182 �������s�
�J����������� 24 '�pGIT���fU�`!>I"t.rp`3[~8^t�3�gK�ho�<#:B.p�n (CRTBP) `�` pGIk<�>It>mdf`��K`H1�Do�pGI�{>
3  (%�pkuk`iF�8D,�n (0aIvy�n) Bk,�>!kNh5�`3un�D�v:w��>h
OXÆ>r
t.W�`.O�g����
[1] Szebehely V. Theory of Orbits, New York, London: Academic Press, 1967: 231∼308
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(1. Astronomy Department, Nanjing University, Nanjing 210093, China; 2. Institute of Space Environment and

Astronautics, Nanjing Univerity, Nanjing 210093, China)

Abstract: In this paper we give a systematic formulation of the special position and strongly

unstable dynamical characteristics of the collinear libration points of the Circular Restricted

Three-Body Problem which is useful in the study of motion of small bodies. We state t he

possibility of existence of conditionally periodic orbits (Halo Orbits) and give out these orbits,

including lower order solutions and higher order solutions. These special periodic orbits can

be used as nominal orbits for kinds of spacecrafts with different scientific goals, while the weak

stability corridors associated with the collinear libration points can be used as ones for spacecrafts

with less fuel demand.

Key words: celestial mechanics; collinear libration point; spacecraft orbit dynamics; deep space
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